SINGULARITIES OF DUAL VARIETIES IN CHARACTERISTIC 2 



ICHIRO SHIMADA 



Abstract. We investigate unibranched singularities of dual varieties of even- 
dimensional smooth projective varieties in characteristic 2. 



1. Introduction 
We work over an algebraically closed field k. 

Let X C P m be a smooth projective variety of dimension n > 0. We assume 
that X is not contained in any hyperplane of P m . Then we can consider the dual 
projective space 

P := (P m ) v 

of P m as the parameter space of the linear system \M\ of hyperplane sections of X, 
where M is a linear subspace of H°(X, Ox (1))- We use the same letter to denote 
a point H £ P and the corresponding hyperplane H C P m . Let T> C X x P be 
the universal family of the hyperplane sections. Then I? is a smooth scheme of 
dimension n + m — 1 . The support of T> is equal to the set 

{( P ,H)£XxP | p£H}. 

Let C C T> be the critical subscheme of the second projection V — > P. (See Notation 
and Terminology below for the definition of critical subschemes.) Then C is smooth, 
irreducible and of dimension m — 1. If Af is the conormal sheaf of X C P™, then 
C is isomorphic to P*(7V) ( |12| Remarque 3.1.5]). The support of C is equal to the 

set 

{ (p, H) £ T> | the divisor H n X of X is singular at p }. 

We denote the projections by 

tti : C — > X and 7T2 : C — ► P. 

The image of 7T2 is called the dita/ variety of I C P m . Let £ C C be the critical 
subscheme of 7T2. By [T21 Proposition 3.3], £ is set-theoretically equal to 

{ (p, H) € C | the Hessian of the singularity of H n X at p is degenerate }. 

We will study the singularities of the dual variety by investigating the morphism 
7T2 at points of £. 

Since the paper of Wallace 22J, properties of dual varieties peculiar to positive 
characteristics have been studied mainly from the point of view of the (failure of 
the) reflexivity. See Kleiman's paper [14] for the definition and a detailed account 
of the reflexivity. Many studies have been done for the analysis of the situation in 
which the reflexivity does not hold. See QUI Q31 [16] , for example. 
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A well-known example of the situations in which the reflexivity fails is as follows. 
Suppose that 

(1.1) charfc = 2 and dimX = 1 mod 2. 

Then the critical subscheme £ of 7r 2 : C — > P coincides with C ([HI Section 1.2], [TH 
Corollary (18)]), and hence either the dual variety is not a hypersurface in P, or 
X is not reflexive by the generalized Monge-Segre- Wallace criterion (p~3j Theorem 
(4.4)], HH Theorem (4)]). 

Except for the case (jl.ip . however, the reflexivity is recovered when the linear 
system \M\ of the hyperplane sections are sufficiently ample. We have the following 
theorem ([HI Theoreme 2.5], Theorem (5.4)]): 

Theorem 1.1. Suppose that char A: ^ 2 or dim A is even. If X is embedded in 
P m by a complete linear system of the form \A® d \ with A being a very ample line 
bundle and d > 2, then the dual variety of X a P™ is a hypersurface of P, and 
X C P m is reflexive. 

See also [THl Proposition 4.9] or Proposition ^. 121 of this paper for other sufficient 
conditions for the dual variety to be a hypersurface, and for the reflexivity to hold. 

In our previous paper [19] , we have discovered that, even when the reflexivity 
holds, the singularities of dual varieties in characteristic 3 still possess a peculiar 
feature. We assume that the linear system \M\ is sufficiently ample. In particular, 
the dual variety is a hypersurface in P and X is reflexive. We consider the projective 
plane curve obtained by cutting the dual variety by a general plane in P. If k is 
of characteristic > 3 or 0, then the plane curve has only ordinary cusps as its 
unibranched singularities. In characteristic 3, the plane curve has singular points 
of i?6-type instead of ordinary cusps. 

In this paper, we investigate the singularities of the dual variety in the case where 
char k — 2 and dim X is even. 

The dual variety is the discriminant variety associated with the linear system 
of hyperplane sections. See [5] for the definition of discriminant varieties. In fact, 
our results are proved not only for dual varieties but for discriminant varieties 
associated with (not necessarily very ample) linear systems. Here in Introduction, 
however, we present our results for dual varieties. 

Let k be of characteristic 2, and let dim X be even. For simplicity, we assume 
that \M\ is sufficiently ample so that the evaluation homomorphism 

4 4] : M -» C p /m 5 p £ p 

is surjective at every point p of X, where m p is the maximal ideal of Ox,p, and C p 
is the 0x,p-module C £§> Ox, P - Under this assumption, the critical subscheme £ is 
an irreducible divisor of C and hence the dual variety is a hypersurface of P. 

We can define the universal Hessian 

H : t:* 1 T{X)®t:* 1 T{X) -> tt*£ ® 7r*0 P (l) 

on C, where T(X) is the tangent bundle of X. As was proved in [19l Proposition 
3.14], the subscheme £ coincides with the degeneracy subscheme of the homomor- 
phism 

tt*T(A) -» 7r*£<g)7r*e>p(l)<g) (tt*T(A)) v 
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induced from H, where (irlT(X)) w is the dual vector bundle of ir*T(X). (See 
Notation and Terminology below for the definition of degeneracy subschemes.) The 
peculiarity of the geometry of the dual variety in characteristic 2 stems from the 
fact that the universal Hessian is not only symmetric but also cmii-symmetric; that 
is, Ti(x ® x) = and TL(x <g> y) + Ti(y (g> x) = hold for any local sections x and 
y of tt\T(X). From this fact, it follows that the irreducible divisor £ is written as 
27?., where TZ is a reduced divisor of C. We denote by n?2 : TZ — > P the projection. 

Definition 1.2. We put i? := k[[t\, . . . , i m _4]]. It turns out that the equations 

(1.2) uiy 2 + v\ = u 2 y 2 +v 2 = wv\ + uiv 2 y = wv 2 + u 2 v\y = 

— v\v 2 + wy — w 2 + u\u 2 y 2 = 

define an (m — l)-dimensional singular scheme in the (m + 2)-dimensional smooth 
scheme Spec R[[ui,vi,u 2 ,v 2 ,w,y}], which we will denote by r m _i. 

The scheme r m _i is singular along the (to — 2)-dimensional locus defined by 

Vi = v 2 = w = y = 0. 

See ^4]for the geometric meaning of r m _i. 

Let P = (j>, H) E X x P be a general point of the reduced irreducible divisor TZ 
of C. Then we have the following: 

(I) There exist isomorphisms of local rings 

0«;\ H ),p = k[[s,t}]/(s 2 ,t 2 ) and 0^ {H)p ^k[[s,t]]/{s 2 ,t 2 ) 

over k. In particular, the projection m 2 : TZ — * P is inseparable of degree 4 
over its image. 
(II) The formal completion 

(tt 2 )£ : Spec(0 c , P ) A - Spec(Op,H) A 

of the projection tt 2 : C — * P at P factors through a singular scheme 
isomorphic to r m _i. 

(III) Let A and L be general linear subspaces of P of dimension 2 and 3, respec- 
tively, such that H e A C L. We put Ca := 7T^ 1 (A) and Sl ■= ^(L). 
Then Sl is smooth of dimension 2 at P, and Ca is a curve on Sl that has 
an ordinary cusp at P. 

(IV) Let v : Ca — ► Ca be the normalization of Ca at P, and let z be a formal 
parameter of Ca at the inverse image P' £ Ca of P. Then the formal 
completion at P' of the composite of v : C\ — > Ca and tt 2 \ Ca : Ca — > A is 
written as 

((tt 2 I Ca) o v)*x — az 4 + (terms of degree > 6) and 
((""2 I Ca) o v)*y — bz 4 + (terms of degree > 6) 
for some a,b £ k, where (x, y) is a formal parameter system of A at H. 

This paper is organized as follows. First we define several notions in <21 The 
conditions on P = (p, H) £ TZ for the facts (I)-(IV) above to hold will be stated 
more precisely in terms of the singularity of the divisor H n X of X at p. For 
this purpose, we define some classes of hypersurface singularities in In <21 
the (to — l)-dimensional singular scheme r m _i is introduced. After recalling the 
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definitions and results given in |19[ Section 3] in we prove the main results above 
in more refined forms in Sj6l In SJ7J we give a remark about the degree of 1Z with 
respect to Op(l), and derive a nontrivial divisibility relation among Chern numbers 
of X from the fact (I) above. 

The author would like to thank Professor Hajime Kaji for many valuable com- 
ments and suggestions. 

Notation and Terminology. 

(1) We work over an algebraically closed field k. By a variety, we mean a 
reduced irreducible quasi-projective scheme over k. A point of a variety 
means a closed point. Let X be a variety, and P£la point. We denote by 
(X, P) A the scheme Spec(0x,p) A , where (Ox,p) A is the formal completion 
of the local ring Ox,p of X at P. 

(2) Let X be a smooth variety. We denote by Tp(X) the Zariski tangent space 
to X at a point P £ X, and by T(X) the tangent bundle of X. 

(3) Let E and F be vector bundles on a variety X with rank e and /, re- 
spectively, and let a : E — > F be a bundle homomorphism. We put 
r := miri(e, /). The degeneracy subscheme of a is the closed subscheme 
of X defined locally on X by all the r-minors of the / x e-matrix expressing 

(7. 

(4) Let / : X — > Y be a morphism from a smooth variety X to a smooth 
variety Y. The critical subscheme of / is the degeneracy subscheme of the 
homomorphism df : T(X) -> f* T{Y). 

(5) For a formal power series F with coefficients in k, we denote by F^ the 
homogeneous part of degree d in F. 

2. Preliminaries 

2.1. The quotient morphism by an integrable tangent subbundle. Let X 

be a smooth variety defined over an algebraically closed field of characteristic p > 0. 

Definition 2.1. A subbundle Af of T(X) is called integrable if Af is closed under 
the p-th. power operation and the bracket product of derivations. 

Proposition 2.2 ( [18] Theoreme 2). Let M be an integrable subbundle ofT(X). 
Then there exists a unique morphism q : X — > A-^ iot£/i £/ie following properties; 

(i) g induces a homeomorphism on the underlying topological spaces, 

(ii) q is a radical covering of height 1, and 

(iii) the kernel of dq : T(X) — > g* T(A Ar ) coincides with Af. 

Moreover, the variety X^ is smooth, and the morphism q is finite of degree p r , 
where r is the rank of Af . 

Definition 2.3. For an integrable subbundle Af of T(X), the morphism q : X — > 
X^ is called the quotient morphism by Af. 

From the construction of the quotient morphism given in the proof of [TBI 
Theoreme 2], we obtain the following: 

Proposition 2.4. Let f : X —> Y be a morphism from a smooth variety X to a 
smooth variety Y such that the kernel K, of df : T(A) — > /* T(Y) is a subbundle 
ofT(X). Then K is integrable, and the morphism f factors through the quotient 
morphism q : X — > X^ by K,. 
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2.2. Anti-symmetric forms. 



Definition 2.5. Let V be a finite dimensional vector space over a field K. A 
bilinear form <p : V x V — > if is called anti-symmetric if the following conditions 
are satisfied: 

(i) f ) = for any v G V, and 

(ii) ^(t>, to) + ip(w, v) = for any u, to € V. 

Note that, in characteristic 2, the condition (ii) does not imply the condition (i). 

Definition 2.6. An n x n-matrix A = (oy) with components in a commutative 
ring is called anti- symmetric if the following conditions are satisfied: 

(i) an — for i = 1 , . . . , n, and 

(ii) aij + aji = for i,j = 1, . . . , n. 

An anti-symmetric matrix in characteristic 2 is just a symmetric matrix with zero 
diagonal components. 

The following results are well-known. We put 



J 2 := 



1 

-1 



and let Ji r n be the n x n matrix 



Jlr 



■h 












with r copies of J2 along the diagonal. 



Lemma 2.7. Let A he an anti- symmetric matrix of type n x n with components 
in a field K . Then the rank of A is even, and there exists T € GL(n, K) such that 
t TAT is equal to J2r,n, where 2r is the rank of A. 

For a positive integer m, we define a homogeneous polynomial fim of degree m 
in variables Xij (1 < i < j < 2m) by 



flm ■- 



sign 



1 2 

h ji 



2m 

3m 



where the summation ranges over all the lists [ [ii, ji], ■ • • , [i m ,jm] 

and 



satisfying the 



conditions i v < j v (y = 1, . . . , to), i\ < i% < • • • < i m , 
{ii,ji, . . .,i m ,jm} = {1,2, .. . 

Lemma 2.8. Let 



-X12 

-X13 



2m}. 



(2.1) 



X12 


-2:23 



X13 
X23 





be an anti- symmetric matrix of type 2m x 2m with components being variables 
Xij (i < ])■ Then dct A is equal to /| m . 
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For a positive integer i, we put 




i — 1 if i is even, 
i + 1 if i is odd. 



Corollary 2.9. Lei A be an anti- symmetric matrix as in Lemma \2.£\ We put 

9A ■= \J det(J 2 r,2m + A) , 

which is a polynomial of Xij by Lemma \2.8[ 

(1) If 2r < 2m — 4, i/ien has no terms of degree < 1. 

(2) Suppose that 2r = 2m — 2. Then g^ is equal, up to sign, to 

rn — l 2m— 2 

z + Sj %2j-i,2j z + X! ^Um-HTfi)^™ + (terms of degree > 3), 
j=i i=i 

where z :— X2m-l.,2mj an d e j an d s[ are ±1. 

Using (|2.ip , we consider the affine space 

A m(2m-1) = Specfc [^ _ .,0^,...] (1 < i < j < 2m) 

as the space of anti-symmetric matrices of type 2m x 2m. 

Lemma 2.10. The hypersurface in ^j n i 2m ~ 1 ) defined by /2m = is irreducible. 

Proof. By Lemma [2.71 the hypersurface defined by fim — is the closure of the 
locus 

{ t TJ 2m -2,2 m T I Te GL(2m, k) }, 
and hence is irreducible. □ 

2.3. The formula of Harris- Tu-Pragacz. Let X be a smooth variety, E a vector 
bundle on X, and L a line bundle on X. 

Definition 2.11. A bundle homomorphism 

a : E ® 0x E -* L 
is called anti- symmetric if the following conditions are satisfied: 

(i) a(x (£> x) = for any local section x of E, and 

(ii) a(x ® y) + a(y x) = for any local sections x and y of E. 

Definition 2.12. For an anti-symmetric homomorphism a : E (g> E — > L, we define 
the degeneracy subscheme R(cr) as follows. Let U be an arbitrary Zariski open 
subset of X over which E and L are trivialized. Let Ajj be the anti-symmetric 
matrix with components in T(U, Ox) expressing a over U. By Lemma 12.81 there 
exists fu £ T(U,Ox) such that detAjj = f^. Then the collection of the closed 
subschemes {fu = 0} of Zariski open subsets U patches together to form a closed 
subscheme R(<r) of X, which is the degeneracy subscheme of a. 

Definition 2.13. For a closed subscheme W of X, we denote by [W] the class of 
W in the Chow group of X. 

The following was proved by Harris- Tu [1] in characteristic and by Pragacz [T7] 
in any characteristics. 
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Theorem 2.14. Suppose that the rank e of E is even, and that R(<r) is of codi- 
mension 1 in X . Then we have 



be the homomorphism induced from a, where E y is the dual vector bundle of E. 
Then the degeneracy subscheme of a' is also a divisor of X, and is equal to 2 R((t) 
as a divisor of X. 

2.4. Ordinary cusps. Let P be a point of a smooth surface S, and let (s,i) be a 
formal parameter system of S at P. For <f> e (Os,p) A = k[[s, t\], we denote by <j)^ 
the homogeneous part of degree d in (s, t). Let C be a divisor of 5 that contains P 
and is singular at P. 

Definition 2.16. We say that <f> £ k[[s,t\] is degenerate if <j>^ = <ft^ = and 
</>[ 2 l = l(s,t) 2 hold for some linear form l(s,t) of (s,t). It is obvious that this 
definition of degeneracy does not depend on the choice of the formal parameter 
system (s, t). We say that C has a degenerate singularity at P if a (and hence any) 
formal power series defining C at P is degenerate. 

The equivalence of the following conditions on the singularity of C at P, which 
is well-known in characteristic 0, holds also in characteristic 2. 

(i) For an arbitrary formal parameter system (s, t) of S at P, any formal power 
series 4> defining C at P is degenerate and the linear form y/ <j>^ is not zero 
and does not divide <^ 3 1 . 

(ii) There exist a formal parameter system (s, t) of S at P and a defining formal 
power series <p of C at P such that is degenerate and that the linear form 



(iii) There exists a formal parameter system (s, t) of S at P such that C is 
defined by s 2 + t 3 = locally at P. 

Definition 2.17. We say that C has an ordinary cusp at P if the conditions (i)- (iii) 
above are satisfied. 



From now on until the end of the paper, we assume that the base field k is of 
characteristic 2. 

Let X be a smooth variety of dimension n. Let p be a point of X, and let D be 
a hypersurface of X that passes through p and is singular at p. Let [x\, . . . ,x n ) be 
a formal parameter system of X at p. Suppose that D is defined by </> = locally 
at p, where is a formal power series of (xi, . . . , x n ). The n x n matrix 



[RWl - (fd^-dOE)) n [X] 



in the Chow group of X. 

Remark 2.15. Suppose that R(ct) is of codimension 1 in X. Let 



a~ : E -» L <g> £' 




3. Hypersurface singularities in characteristic 2 
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Definition 3.1. A formal parameter system (xi, . . . , x n ) of X at p is said to be 
admissible with respect to <j> if the matrix H^.p is of the form J2r,n, where 2r is the 
rank of the Hessian of D at p. 



Remark 3.2. By Lemma 12. 7\ a formal parameter system admissible with respect 
to 4> is obtained from an arbitrarily given formal parameter system by a linear 
transformation of parameters. 

From now on to the end of this section, we assume that n is even. 
We put 

d 2 6 



P ■= fn 



dxidxj 



'det 



d 2 <j) 
dx,;dx q 



where is the polynomial defined in §2.2 



Definition 3.3. Let C(D,p) be the subscheme of (X,p) A — Spec(Ojs: P ) A defined 

by 

dcf) dcj) 
dx\ dx T{ 
and let R(D,p) be the subscheme of (X,p) A defined by 



= 0, 



^ dx i dx n ^ 

It is obvious that each of C(D,p) and R(D,p) depends only on D and p, and not 
on the choice of (f> and (x±, . . . ,x n ). 

Using the admissible formal parameter system with respect to <j), or the sub- 
schemes C(D,p) and R(D,p) of (X,p) A , we can define various classes of hypersur- 
face singularities in characteristic 2. 

Suppose that the rank of the Hessian matrix H^^ p is n — 2. Let 

= (ail j ■ ■ - ,a;n-2,Ci)6) 
be an admissible formal parameter system with respect to 4>. We put 

G := { M e GL(n -2,k) \ *Af J n _ 2 , w -aAf = J n -2,n-2 }■ 
The following lemma is trivial: 
Lemma 3.4. Let 

i x i C ) = ■ • • J x n-2i C2) 

be another formal parameter system of X at p. Then (#',£') is admissible with 
respect to <f> if and only if (x,t;) and (x' , £') are related by the transformation of the 
form 



(terms of degree > 2) 



X 




A 











B 



such that Ae G and B G GL(2, k). 



We denote the coefficients in the formal power series expansion of <f> in the param- 
eters (x, £) as indicated in Table [5TTI The following Proposition follows immediately 
from Lemma [ 
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xi x 2 + ■ • • + a;„_ 3 a;„_ 2 + 
+ ai x\ + ■■ ■ + a„_2 a^n-2 2 + ai£ 2 + a 2 £ 2 + 

+ b lXl tf + ■■■ + b n - 2 x n -2^ + /3iCi + + 

+ CxXiil + ••• + Cn-2X„- 2 (% + 7lClC| + 72 C| + 

+ ^1 #1 £1 £ 2 + ' ' ' + dn-2 X n -2 £1 £2 + 

+ (terms of degree 3 in (x, £) and degree > 2 in x) 

+ hog + /ai£i6 + / 22 £i£ 2 2 + /i 3 6£ 2 3 + /o 4 d + 
+ (terms of degree 4 in (x, £) and degree> 1 in x) 
+ (terms of degree > 5 in (x, £)) 

Table 3.1. The coefficients of a formal power series in (x, £) 



Proposition 3.5. Suppose that the rank of H^^ 



Then the following 



condition is independent of the choice of 4> and (x, £): at least one of the coefficients 
ai,a 2 ,/3i,^2,7i,72 is not zero. 

Definition 3.6. We say that the singularity of D at p is of type (A) if H^ p is of 
rank n — 2 and at least one of the coefficients ot\, a.2, 02, 71, 72 is not zero. 

Proposition-Definition 3.7. (1) The following three conditions are equivalent: 

(i) dim k C (D,p), P < 4, 

(ii) G C ( D ,p),p = k[[s,t]]/(s 2 ,t 2 ), and 

(hi) the rank of the Hessian H<f, tP is n — 2, and 

a>i fa [3 2 
a 2 71 72 



(3.1) 



rank 



2. 



We say that the singularity of D at p is of type (C) if these conditions are satisfied. 
(2) We put 



Ti := ^ d i b r(i) + hi and T 2 



n-2 

E 

»=i 



diC T (i) + /13. 



The following three conditions are equivalent: 



(i) dim k O R{D , p y p < 4, 

(ii) R ( D>p)>p ^ k[[s,t]]/{s 2 ,t 2 ), and 

(hi) the rank of the Hessian is n — 2, and 



(3.2) 



rank 



Oil Pi 02 Ti 
OL2 7i 72 T 2 

We say that the singularity of D at p is of type (R) if these conditions are satisfied. 



Remark 3.8. As a corollary of Proposition-Definition |3"7T1 we see that the condi- 
tions (|3.1[) and (|3.2p do not depend on the choice of the admissible formal parameter 
system (x, £). This fact can also be proved directly by means of Lemma [ 
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For the proof of Proposition-Definition 13.71 we use the following easy lemma: 

Lemma 3.9. Let gi,...,gi be degenerate formal power series in k[[s, t]], and let J 
be the ideal ofk[[s,t}] generated by gi, . . . ,g%. We denote by ai and bi the coefficients 
of s 2 and t 2 in gi, respectively; 

gi = a,s + bit 2 + (terms of degree > 3). 



Then the following equivalence holds: 

dim k k[[s,t]]/J < 4 J=(s 2 ,t 2 ) <^ rank 



ai ... at 
h ...b t 

Proof of Proposition- Definition \3. 7| Since the proof of the assertion (1) is similar 
to and simpler than that of (2), we prove only the assertion (2). For simplicity, we 
put 

OXi 

and let I denote the ideal of (Ox,p) A generated by <f>, Di<f>, . . . , D n <j> and p. Suppose 
that rank ii^p = n — 21, and let (x\, . . . ,x n ) be an admissible formal parameter 
system with respect to <j). Then the linear parts of <f> and Di(f> are given as follows; 



- 0, 

By Corollarv l2.91 we also have 



x t q\ if i < n — 21 
if i > n - 21. 




ifn-2l<n-4 
■ + d n -2X n -2 if n — 21 = n — 2. 

Therefore the classes of 1 G k and x n -2i+i, ■ ■ ■ ,x n span a (21 + l)-dimensional 
linear subspace in (O rid ,p) .p) A = k[[xi, ■ ■ ■ , x n ]]/I. Consequently the condition 
that divcik O r(d ,p) .p < 4 implies that rank .ff^p is n — 2. Hence it suffices to 
show the equivalence of the conditions (i), (ii) and (iii) under the assumption that 
rank H$ tP =n — 2. 

We use the admissible formal parameter system (#,£) and Table |3~T1 Let I' be 
the ideal of k[[x, £]] generated by D\(f), . . . , Z?„_20 7 arid put 

s := £1 mod I', t := £2 mod 

For i = I, ... ,n — 2, we have 

, , , . 2 , i-2 , 1 <- y , ( terms of degree > 2 in (x, £) and degree 

= ^)+^i+^ 2 2 + ^6+(> lin ^ f degree >^ 

Hence we obtain 

(3.3) Xi mod I' = 6 r (,j)S 2 + c T u\t + d T ^st + (terms of degree > 3 in (s, t)) 

for i = 1, . . . ,n — 2. In particular, we have fc[[x, £]]//' = fe[[«,i]]. Using (|3.3|) . we 
have 

<7i := <f> mod I' = u\ s 2 + 012 t 2 + (terms of degree > 3 in (s,t)), 



92 
.93 



= (£>„_!</>) mod I' — Pi s 2 + 71 1 2 + (terms of degree > 3 in (s,i)), 
= (D n 4>) mod V = P2S 2 + 72 t 2 + (terms of degree > 3 in (s, t)). 
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On the other hand, using (13. 3|) again, we see that 

d 2 <f> d 2 <j> 

mod I , — — 7T— mod i , and — — t— mod 7 



are equal to 

n-2 

/31 s 2 + A3 1 2 + ^2 d * ( & t(»)S 2 + c r{t) t 2 + d T{l) st) + (terms of degree > 3 in (s, t)), 

i=l 

dit + (terms of degree > 2 in (s, t)) and 
d,j s + (terms of degree > 2 in (s,t)), 

respectively. Moreover, we have 

d 2 (f> , j 1 + (terms of degree > 1 in (s,t)) if i = r(j), 

dxidxj ) (terms of degree > 1 in (s,t)) if i ^ 

for i,j = 1, . . . , n — 2. By Corollarv l2.9l and using ~Y^ = i did T u\ = 0, we obtain 
<74 := p mod /' = T\ s 2 + T2 t 2 + (terms of degree > 3 in (s, t)). 

Since 

(Cfl(D,p), P ) A = k[[x,€]]/I = k[[s,t]]/(gi,g 2 ,g3,94,), 
we obtain the equivalence of the conditions (i)-(iii) from Lemma 13.91 □ 

The following remark is crucial in the proof of Proposition 16.121 

Remark 3.10. Each of the conditions that the singularity of D at p is of type (A), 
(C) and (R) is an open condition on the coefficients of the formal power series <p 
with rank-ff^p < n — 2 in the following sense. We denote by m the maximal ideal 
of A;[[xi, . . . , x n )]. For a positive integer d > 2, we put 

V d :=m 2 /m d+1 . 

For 4> S m 2 , let ip S Vd denote the class of <j) modulo m d+1 . By Lemma [2.101 the 
locus 

A := { $ e V 2 I rank^, p < n - 2 } 

is a closed irreducible hypersurface of V2. For d > 3, let denote the pull-back of 
A by the natural linear homomorphism Vd — * V%. Note that the types (A), (C) and 
(R) of the hypersurface singularities are defined by using the coefficients of terms 
of degree < 3, < 3 and < 4 of the formal power series defining the hypersurface, 
respectively. Hence the loci 



A(A) 
A(C) 
A(R) 



= { 4> G V3 I the singularity of <j> = at p is of type (A) }, 
= { 4> € V3 I the singularity of = at p is of type (C) }, 
= { (f> € V4 I the singularity of <\> — at p is of type (R) }, 



are well defined. The loci A(A) and A(C) are Zariski open dense subsets of A3, 
and the locus A(R) is a Zariski open dense subset of A4. 
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4. The singular scheme r m _i 
We define a homomorphism 

7* : k[[u 1 ,v 1 ,u 2 ,v 2 , w,y}} — > k[[xi, x 2 , z]] 

over k by 

r fu\ = x\, 7*«i = xiz, j*u 2 = x%, 7*«2 = x 2 z : -y*w = xix 2 z, j*y = z, 
and denote by 

T := Spec(k[[ui,Vi,U2,v 2 ,w,y]]/KeTj*) 
the scheme-theoretic image of the morphism 

7 : Specfc[[xi,a;2,z]] -> Specfc[[wi,ui,u 2 ,i;2,t«,J/]] 

induced from 7*. The critical subscheme of 7 is defined by z 2 = 0. Calculating the 
Grobner basis (see pQ) of the ideal 

( Mi — x\, V\ — X\z, u 2 — x 2 , v 2 — x 2 z, w — x±x 2 z, y — z) 

in the polynomial ring k[x±,x 2 , z,u±,vi,u 2 ,v 2 ,w,y] under the pure lexicographic 
order 

x\ > x 2 > z > w > v 2 > vi > y > u 2 > Mi, 
we see that T is a 3-dimensional singular scheme defined by the equations (|1.2j) 
given in Introduction. The singular locus of T is equal to the 2-dimensional plane 

Mi = v 2 = w = y = 0. 
For a fc-algebra R, we denote by 

7 fl : SpecR[[xi,x 2 ,z]] — » SpecR[[iti, vi, u 2 , v 2 , w, y]} 
the morphism obtained from 7 by k c — > R, and by 

T R := Spec(i?[[Mi,Mi,M 2 ,M 2 ,M;,M]]/ Ker( 7 fl )*), 
the scheme-theoretic image of 7^. 

Theorem 4.1. Let V be a smooth variety of dimension I > 3, and let (f> : V —> W be 
a morphism to a smooth variety W . Suppose that there exists a smooth hypersurface 
H of V such that, at every point P of H , the kernel of 

d P ^ : T P (V) -> T HP) (W) 

is of dimension 2 and is contained in Tp (H) . 

Let P be a point of H . We denote by R the ring of formal power series A;[[x3, . . . , xz-i]] 
of I — 3 variables. Then there exists an isomorphism 

l : {V,P) A ^ SpecR[[xi,x 2 ,z]} 

over k with the following properties: 

(i) the divisor (H, P) A of (V, P) A is mapped by the isomorphism 1 to the divisor 
given by z = 0, and 

(ii) there exists a unique morphism ip : T R — > (W, <p(P)) A such that the formal 
completion <j) p of <p at P factors as the following diagram: 

(v,pr ^ (w,<t>(p)r 

<■ I ! T * 

SpecR[[xi,x 2 ,z}] — ^> r . 
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Proof. We denote by 

(j)H : H -> 

the restriction of to if. The kernel /C of the homomorphism 

d4> H : T(H) -» <^T(W) 

is an integrable subbundle of T(H) with rank 2 by the assumption. Let P be an 
arbitrary point of if. By [PS) Proposition 6], there exist a basis (Di,D 2 ) of the 
C_ff,p-niodule K, ® 0,h\p and a system of uniformizing variables (yi, . . . of if 
at P such that 

A(%)=^ (* = 1,2, j = 1, 1). 
In other words, the submodule /C (g) O^p of T(H) (g> 0i/,p is equal to 

dyi Oy 2 

We can choose a formal parameter system (xi, . . . , xi-\, z) oiV at P such that if 
is defined by z = 0, and that the restriction Xi \ if of to if is equal to yi. Then, 
for every element g S (Ovi/,0(p)) A : we have 

8 (rh*„n^ 8 (rh*n\ 

H = 



<3yi 9a;i if 9j/2 

that is, (f>*g is contained in the subring A of (Oy p) A = k[[xx, . . . , x;_i,z]] defined 

by 



A:=ife(0 



v,p) 



Of df 

— — and — — are contained in the ideal (z) 

OX\ OX2 



Putting R := k[[xa, . . . , xz_i]], we have 

A = R[[x 2 1: xl,z}} + zR[[x 1 ,x 2 ,z)] C R[[x 1 ,x 2 ,z]] = (CV :P ) A . 
Therefore, the subring A is the image of the homomorphism 

(j R )* : R[[ui,vi,u 2 ,v 2 ,w,y}} -> R[[xi, x 2 , z]}. 

We denote by 

3 : R[[u 1 ,v 1 ,u 2 ,v 2 ,w,y}} / (Ker (j R )*) ^ A 

the induced isomorphism. Let (ti, . . . , t q ) be a formal parameter system of W at 
4>(P), where q = diraW. Since (f>*ti € A, there exists a unique element 

ipi £ R[[u 1 ,v 1 ,u 2 ,v 2 ,w,y]] / (Ker(j R )*) 

such that 3 {ipi) = 4>*ti. Define a morphism 

ip : T R -> (W,<p(P)) A 

by ip*U = ipi. Then <j>p factors as if) o 7^ o t, where t is the isomorphism given by 
the canonical isomorphism i?[[xi, x 2 , z}] — > (Oy,p) A - D 

Definition 4.2. When f? is the ring of formal power series in (m— 4) variables with 
coefficients in fc, the scheme-theoretic image is an (m — l)-dimensional singular 
scheme, which we will denote by r m _i. 

Remark 4.3. A normal form theorem similar to Theorem 14. II for a morphism from 
a smooth surface to a smooth curve was proved in [20] . 
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5. The discriminant variety 

In this section, we recall the definitions and results in [19j Section 3], which are 
valid in any characteristics. 

Let X be a projective variety of dimension n > 0, C a line bundle on X, and M 
a linear subspace of H°(X, C) with dimension m + 1 > 2. We denote by 

P :=P*(M) 

the parameter space of the m-dimensional linear system \M\ of divisors on X cor- 
responding to M, and put 

X:=X\(Smg(X)UBs(|M|)), 

where Sing(X) is the singular locus of X and Bs(|M|) is the base locus of \M\. We 
denote by : X — > P v the morphism induced by P, and set 

X° := { p e X | the homomorphism d p ty : T P (X) — > T^ (p )(P v ) is injective }. 

Note that X° — X if X is smooth and \M\ is very ample. 

Assumption 5.1. Throughout the paper, we assume that m > n, and that X° is 
dense in X. 

For a non-zero vector / £ M, we denote by [/] e P the corresponding point of 
P, by D[f] the divisor of X defined by / = 0, and by -Dj/j the intersection Dyj CiX. 
Let 

pr 1 : X xP ^ X and pr 2 :IxP->P 
be the projections. We put 

£ :=prj£® pr^Op(l). 

There exists a canonical isomorphism M v ^> H°(P, Op (1)) unique up to multiplica- 
tive constants. Combining this isomorphism with the inclusion M H°(X,£), 
we obtain a natural homomorphism 

Hom( M , M) =M®M y -> ff°(XxP,£). 

We denote by 

a e X P,£) 

the global section of C corresponding to the identity homomorphism of M. Note 
that a is determined uniquely up to multiplicative constants. The zero locus of a 
is equal to 

{(p,[/])eXxP | P e%}. 

Let 2? be the subscheme of X x P defined by cr = 0, and let 

Pi : D -> X and p 2 : I? P 

be the projections. Then T> is smooth of dimension m+n—1, and P2 ■ T> — > P is the 
universal family of the divisors ([/] S P). We have a natural homomorphism 

da : T(X x P) (g) Op -> £ ® Op 

defined by O i— > (0cr) | D°, where 9 is a local section of T(X x P) considered as a 
derivation of OxxP- We denote by 

da x : pjTpO -> ZigOp 
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the restriction of da to the direct factor p*T(X) of 

T(X xP)«Oj,= P*T(X) © p* 2 T(P). 
Let C be the critical subscheme of P2 ■ T> — ► P. 

Proposition 5.2. (1) TTie scheme C is equal to the degeneracy subscheme ofdax- 
(2) TVie intersection C° of C and X° xP is smooth, irreducible and of dimension 
m — 1 . 

Corollary 5.3. (1) The support of C is equal to the set 

{ (Pj [/]) £ f I is singular at p }. 

(2) Let P = (p, [/]) 6e a poirzi of C, and let ir 2 : C — * P &e t/ie projection. Then, 
as a su bscheme of (prj 1 ([/]), P) A = (^,p) A , tfce completion (tt^T 1 ([/]), P) A o/ tte 
/i&er 0/772 a< P coincides with C{D^,p) defined in Definition \3.3[ 

We denote by 

7Ti : C° — ► 1° and tt 2 : C° -► P 
the projections from C° — C n (X° x P). We can define the universal Hessian 

H : vr*Tpr) <g> 7r*T(X°) -> £®C C o 

on C°. Because we are in characteristic 2, the universal Hessian TL on C° is anti- 
symmetric. Let 

H~: ir\T{X°) -» £® (7r*T(X°)) v 

be the homomorphism obtained from 7i. Let £ be the critical subscheme of the 
projection ir 2 : C° — * P. 

Proposition 5.4. TTie scheme £ is equal to the degeneracy subscheme of TC. 

Corollary 5.5. The support of £ is equal to the set of all point (p, [/]) € C° such 
that the Hessian of the hypersurface singularity p £ Dtfi is degenerate. 

Since the rank of an anti-symmetric form is always even, we obtain the following: 

Corollary 5.6. Suppose that n is odd. Then £ coincides with C° . 

6. Main results 

From now on until the end of the paper, we assume that n is even. 

Definition 6.1. Let TZ C C° be the degeneracy subscheme R(7i) of the anti- 
symmetric form Ti, and let 

w\ : TZ — > X° and ZU2 : TZ — > P 

be the projections. 

Proposition 6.2. (1) The subscheme TZ is of codimension < 1 in C° . If TZ is of 

codimension 1 in C° , then £ coincides with 2TZ as a divisor of C° . 

(2) Let P — (p, [/]) be a point ofTZ. Then, as a subscheme of (pr^ 1 ([/]), P) A = 
(X,p) A , the completion [w 2 ([/]), P) A of the fiber of W2 at P coincides with 
R(D[f\,p) defined in Definition \3.3\ 

Proof. The assertion (1) follows from Remark 12.151 and Proposition [HU The asser- 
tion (2) follows from the definition. □ 
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It is possible that 1Z is of codimension in C° . The following is a classical 
example due to Wallace [22]. See also [2Pj . 

Example 6.3. Let X be the Fermat hypersurface of degree 2" + 1 in P rl + 1 with 
v > 1, and let \M\ be the complete linear system Then the rank of the 

Hessian of Dtt] at p is zero at every point (p, [/]) of C° = C. In particular, TZ 
coincides with C°. 

Let P = (p, [/]) be a point of TZ, so that Dr/i is singular at p and the Hessian of 
D[f\ at p is of rank < n — 2. We investigate the formal completion of the morphism 
7T2 : C° — ► P at P. For this purpose, we introduce a good formal parameter system 
ofTxP at P. 

Because p 6 X°, we can choose a basis &o, ■ ■ ■ , &m of the vector space M in such 
a way that the following conditions (i)-(iv) hold. Let bi be the global section of C 
corresponding to b tl and let £)j be the divisor defined by 6^ = 0. Then 

(i) &o = /, so that D = Dryn passes through p and is singular at p, 

(ii) p S -Di for i = 0, 1, . . . , m — 1, and p ^ -D m , 

(iii) Di, . . . , Z3„ are smooth at p and intersect transversely at p, and 

(iv) D n+ i, . . . , D m _i are singular at p. 

For i = 0, . . . , m — 1, we put 

4>i := bi/bm, 

which is a rational function on X regular at p. Then (cf>i, ...,</>„) forms a local 
parameter system of X at p by (iii). We put 

xi := (f>i (i = l,...,n). 

We will regard (x\, . . . , x n ) as a formal parameter system of X at p, and consider 
00 and 0n+ij ■ ■ • i 0m-i as formal power series of (xi, . . . , x n ), which have no terms 
of degree < 1 by (i) and (iv). Note that the rank of the anti-symmetric matrix 
Hct>a.p is < n — 2, because P £ 1Z. Using Remark 13. 2\ we can further assume the 
following by a linear transformation of &i , . . . , b n : 

(v) the formal parameter system (xi, . . . , x n ) is admissible with respect to ^o- 
Let (Yq, . . . , Y m ) be the linear coordinates of M with respect to the basis bo, . . . , b m , 
and let (j/i, . . . , y m ) be the affine coordinate system of P given by 

Vi ■= Yt/Y . 

Then the point [/] £ P is the origin. We regard 

(x\ , . . . , x n: yi , . . . , ym) 

as a formal parameter system of X° x P at P — (p, [/]). 

We can regard the coordinates Yi as global sections of Op(l). Recall that a 
is the canonical section of C :— pr^ C ® pr^ Op(l). Multiplying a by a suitable 
non-zero constant, we have 

m 

(T = J2 b *® Y i- 

i=0 

We put 

$ := \ bi ® Y^j /(b m (g) F ), 
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which is a rational function of X° x P regular at P. By definition, we have 

$ = 4>o + 2/i xi H h y„ir„ + y, l+ i0„+i H h y TO _i</> m _i + y m . 

The scheme I? is defined by $ = locally at P. For simplicity, we put 

:= — . 

By Proposition [5T2l the subscheme C° of 1° x P is defined by 

$ = Di$ = • • • = D„$ = 

locally at P. We put 



' dxidxj 1 J y \dxidxj 
where /„ is the polynomial defined in £12.21 The subscheme 1Z of X° x P is defined 

by 

$ = L>i$ = • • • = = R = 

locally at P. 

Note that the divisor of X is defined by 4>q = locally at p. Let 2r be the 
rank of the Hessian H$ , p of P/[/j at p. Since {x\, . . . , x n ) is admissible with respect 
to <j)Q, we see that the linear parts of the formal power series $ and are as 
follows: 

= y m , 

(6.1) - XT{i)+Vi forz = l,...,2r, 

(A$) [1] = 2/i fori = 2r + l,...,n. 

When 2r = n — 2, we use the formal parameter system (xi, . . . , x„_2, £i, £2) ad- 
missible with respect to (j>o as in ^3) and adopt Table 13.11 in order to denote the 
coefficients of fa. We also denote by ej G k the coefficients of the term £1^2 in <pj 
for j = n + 1, . . . , m — 1. By Corollarv l2.9l we see that the linear part of R is equal 
to 



(6.2) 




if 2r < n - 2, 

R [1] = I f \ [1] 

if 2r = n - 2, 



^6 

if 2r < n - 2, 

dixi H h d n - 2 x n -2 + if 2 — - 2 

+ e n+ iy n+ i H h e m _iy m _i ~~ 

6.1. A normal form theorem. We put 

K sm :={PeK I K is smooth of dimension m - 2 at P }, 
and denote by tn™ 1 : lZ sm — > P the projection. 

Theorem 6.4. Lei P = (p, [/]) 6e a point oflZ. 

(1) If P E TZ sm , then the rank of the Hessian Hj, 0jP of D\f\ at p is n — 2. 
Conversely, suppose that P^ ,p is of rank n — 2. TTien P is a point of TZ sra if and 
only if at least one of 

d\, . . . , d n -2, e n +i, ■ ■ ■ , e m -i 
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is not zero. 

(2) The kernel K. of the homomorphism 

dzal m : T(K sm ) -> (^ m )*T(P) 

is a subbundle ofT(lZ snl ) with rank 2. 

Proof. The assertion (1) follows immediately from (|6.ip and (|6.2j) . Suppose that 
P e K sm . Then the kernel of dpvof 1 : T P (K sm ) -> T [f] (P) is of dimension 2 and 
generated by the vectors 

(sXn-i/p \dx n 

of Tp(X° x P). Since this fact holds at every point P of 7?. sm , we see that 1C is a 
subbundle of T{K sm ) with rank 2. □ 

Corollary 6.5. Suppose that (n,m) = (2,3). Then lZ sra is empty. 

By definition, the kernel JC of dm?," 1 is an integrable subbundle of T(lZ sm ). From 
Proposition ^. 41 we obtain the following: 

Corollary 6.6. The morphism ra7| m : lZ sm — ► P factors through the quotient mor- 
phism q : lZ sm — > (7? sm )' c 6?/ /C, which is finite of degree 4. 

Combining Theorems 14.11 and 16.41 we obtain the following normal form theorem 
for the morphism TT2 : C° — > P at a point P = (p, [/]) of 7?. sm . 

Corollary 6.7. Let P = (p, [/]) be a point of lZ sm . Then there exist an isomor- 
phism 

i : (C°,P) A ^ Spec^K,...,^!]] 

and a morphism 

V : r m _! -» (P, [/]) A 
such that the formal completion 

(tt 2 )£ : (C°,P) A - (P,[/]) A 
o/ 7T2 ai P factors as ip o 7^ o where 

j R : Spec/c[[wi, . . . ,m m _i]] -> r m _i 
is t/ie morphism defined in Sj^j 

6.2. General plane sections. Let P = (p, [/]) be a point of 71. We choose linear 
subspaces L and A of P with dimension 3 and 2, respectively, such that 

[/] 6 A c L. 

We set 

5jo := TTa C C° and Ca^tt^A) C C°, 

and denote by 

Tl : Sl — > £ and 7ta : Ca — ► A 
the restrictions of 7T2 : C° — * P to Sl and to Ca, respectively. 

Proposition 6.8. Suppose that L is chosen generically over k. The scheme Sl is 
smooth of dimension 2 at P if and only if the rank of the Hessian i?^ 0;P of Dry] at 
p is n — 2. 
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Proof. We can assume that L is defined by 

(6.3) yi = Ai y„_i + Bi y n + d y m (i ^ n - 1, n, to), 

where Ai,Bi,d are generic over fc. Then the assertion follows from the linear 
parts (|6. 1(1 of the defining equations of C°. □ 

Proposition 6.9. Suppose that L and A are chosen generically over k, and that 
Sl is smooth of dimension 2 at P. 

(1) IfC\ is of codimension 1 in Sl, then Ca has a degenerate singularity at P. 

(2) The following two conditions are equivalent: 

(i) Ca is of codimension 1 in Sl, and the multiplicity ofC\ at P is 2, 

(ii) the singularity of at p is of type (A). 

(3) Suppose that C\ is of codimension 1 in Sl, that the multiplicity of Ca at P 
is 2, and that P is a point of lZ snl . Then P is an ordinary cusp of Ca if and only 
if the singularity of at p is of type (R). 

Proof. By Proposition 16.81 and the assumption, the rank of H,p 0tP is n — 2. We use 
the formal parameter system (xx, . . . , x n -2, £i, £2) admissible with respect to (f>o as 
in S|3l and refer to Table l3~T1 for the name of coefficients of 4>o- We also use the 
defining equations (|6.3|) of the linear subspace L. By (|6.1|) and (|6.3|) . we see that 

s := £1 1 Sl and t := £2 | S L 

form a formal parameter system of Sl at P. We put 

u:=y n -i\L, v:=y n \L and w := y m \ L, 

which form an affine coordinate system of L with the origin [/] . For a formal power 
series F of (xx, . . . , x n -2, £1, £2, yi, ■ ■ ■ , J/m)> we denote by Fl the formal power series 
of 

(xx, . . . ,X n -2,S,t,U,V,w) 

obtained from F by making the substitutions 

Vn-i =u, y n = v, y m = w, 

yi = AjU + Bnv + C{W (i ^ n — 1, n, m), and 

£1 = s, 6 = t. 

Regarding 

$l = (Dx^)l = ■■■ = {D n <f>) L = 
as equations with indeterminates Xx, x n -i, u, v, w and with coefficients in 
(Os L ,p) A = k[[s, t]], and solving them, we obtain the formal power series expansion 



X i 


\S L 


= Xi(s,t) 




u\ 


Sl 


= U(s,t) 




v\ 


Sl 


= V(s,t) 




w 


\S l 


= W(s,t) 





of the functions xi\Sl, ■ ■ ■ , x u -2\Sl, u\Sl, v\Sl, w\Sl on Sl in (s,t). The formal 
power series U, V and W give the formal completion of ttl : Sl — > £ at P. We will 
calculate the homogeneous parts U^ d \ V^ d \ of degree d of them up to d = 3. 
From 4> L = and = (Ai^l = 0, we obtain 

f/W = yw = = 0. 
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From (Di$)L = for i = 1, . . . , n — 2, we obtain 

X] 1] =0 (i = l,...,n-2). 

Looking at the homogeneous parts of degree 2 in (s, i) of <J>^ and we obtain 

the following equations: 

ais 2 + a 2 i 2 + = 0, 

6i s 2 + a t 2 + di st + X [2] {i) + Ai UW + Bi V® + d WW = (t < n - 2), 

Pi s 2 + 7i t 2 + U [2] = 0, 

P2 s 2 + 72 t 2 + V® = 0. 
Thus we obtain 

U® = Pis 2 + 7i t 2 , 

V® = P 2 S 2 + 72 t 2 , 

W™ = ais 2 + a 2 i 2 , 

and 

Xf = (b T{l) s 2 + c T(l) t 2 + d T(i) st) + A T{i) UW + B T(€) VM + C T{1) WW 
= (h(i) + Ar(i)/3i + B T{i) (3 2 + C r (i) ai) s 2 
+ (c T (i) + Ar(i)7i + B r (f) 72 + C T{i )a 2 )t 2 

+ rf r (j) st. 

Looking at the homogeneous part of degree 3 in (s, t) of we get the equation 

Pi s 3 + p 2 s 2 t + 7i st 2 + 72 t 3 + U [2] s + V [2] t + W [3] = 0. 
Thus we obtain 

W [3] = 0. 

Looking at the homogeneous part of degree 3 in (s,t) of (D n -i$>)L and 
we obtain the equations 

n— 2 m— 1 

£ d 4 x| 21 t + / 3 i S 2 t + f 13 t 3 + + ^ ul2] + B J v[2] + c j w[2] ) ^ = °> 

i—i j=n-\-l 

J2d l xl 2] s + f 3 is 3 + fi 3 st 2 + vW+ (A^+B^+CjW^e^ = 0, 

i—1 j—n-\-l 

where ej is the coefficient of £1^2 in <j>j- We put 
n — 2 m — 1 

Q(s,t) := Y d i X f ] + /3is 2 + fist 2 + {A 3 U [2] + B 3 V [2] + C 3 W [2] ) ej 
i—i j=n-\-i 

= Q s s 2 + Q t t 2 , 

where Q s and Q t are given in Table RTT1 (Note that the coefficient of st in Q(s,t) 
is Y^i=i did T (i) = 0.) Then we obtain 

U [3] = tQ(s,t) and V [3] = s Q(s,t). 
Suppose that A is defined in L by 

Du + Ev + Fw = 0, 
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i=i 

771—1 

+ /si + + + Cj-a^ej, 

71-2 

y^(c T (») + ^4r(7)7l + B t(i}72 + C T ( i) Oi 2 )d i ' 



7=1 



+ /is + J] (4*71 + B J^ 2 + c i a ») e i 

j=n+l 

Table 6.1. The coefficients Q s and Q t 



where D, E, F are generic over k. From the assumption, Ai,Bi, Ci and D, E, F are 
algebraically independent over k. The scheme C\ is defined in Sl by T — locally 
at P, where T is the formal power series of (s, t) defined by 

T:= DU + EV + FW. 

Obviously, we have rM = rW = 0. We also have 

= {Dpi + Efi 2 + Fat) s 2 + {D lx + E l2 + Fa 2 ) t 2 = £ 2 , 

where 

I := \/D(3x + E(3 2 + Fax s + \/Dyi + E^ 2 + Fa 2 t. 

Hence, if T ^ 0, then the curve Cv on Sl has a degenerate singularity at P. 
Moreover, is not zero if and only if at least one of a\, a 2 , f3±, (3 2 , 71, 72 is not 
zero. Thus the assertions (1) and (2) are proved. 

Suppose that P £ TZ sm and that = £ 2 ^ 0. The degenerate singular point P 
of Ca is an ordinary cusp if and only if the linear form I does not divide 

rl 3 l = {Dt + Es){^Q~ s s + jQ t t) 2 . 

The two linear forms £ and Dt + Es are proportional if and only if 

(6.4) D 2 (Dfii + Ef3 2 + Fax) + E 2 (£> 7l + E l2 + Fa 2 ) = 

holds. Since D,E,F are generic over fc, and at least one of a\, a 2 , Pi, [3 2 , 71, 72 is 
not zero by =/= 0, the equality (|6 .4[) does not hold. The two linear forms I and 
\JQ s s + \/Qtt are proportional if and only if 

(6.5) Q t (D0! + E02 + Fat) + Q s (£71 + Ej 2 + Fa 2 ) = 

holds. Since P £ lZ sm , we see from Theorem l6.4l f 1) that at least one of d\, . . . , d n - 2 , 
e n+ \, . . . , e m _i is not zero. Expanding the left hand side of (|6 . 5[) as a polyno- 
mial of Ai,Bi,d and D,E,F, we see that (|6.5j) holds for a generic choice of 
Ai, Bi,d, D, E, F if and only if the condition (|3.2|) does not hold. Therefore the 
assertion (3) is proved. □ 

Proposition 6.10. Suppose that C\ is of codimension 1 in Sl at P, and is reduced 
and irreducible locally at P. Let v : Ca — > Ca be the normalization of Ca at P, 
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and let z be a formal parameter of Ca at the point P' 6 Ca such that v{P') = P. 
Then the image of 

(ttaoz,)^ : (o AAn r -> (o dAtP ,r 

is contained in the subring 

T ■= i f = I A = /2 = /3 =/5 =0 } 

of{o dAP ,r = k[[z]\. 

Proof. We use the same notation as in the proof of Proposition 16.91 The formal 
completion at P' of the composite of v : Ca Ca and the inclusion l : Ca ^ Sl 
is given by 

[lov)*s — az 2 + b z 3 + (terms of degree > 4) and 
(io v)*t — cz 2 + dz 3 + (terms of degree > 4), 

where a, b, c, d G k. Since A is general in L, the variables 

u' := u | A and v' := v \ A 

form a formal parameter system of A at [/] . The formal completion at P' of the 
morphism tta ° v : Ca — * A is given by 

(7T A o z/)*u' = C/ ( az 2 + bz' 3 + ■ ■ ■ , cz 2 + dz 3 + • • • ) and 
(tta°v)*v' — V( az 2 + bz 3 + ■ ■ ■ , cz 2 + dz 3 + ■ ■ •). 

Since [/W and are both zero, and the coefficients of st in and are 
also zero, we see that (tta ° v)*u' and (7ta ° are contained in the subring T of 
k[[z}]. ^ □ 

6.3. The case where the linear system is sufficiently ample. 

Definition 6.11. For a point p of X and a positive integer d, we denote by 

: M - /ymf 1 /;, 

the evaluation homomorphism at p, where m p is the maximal ideal of Ox.p, and C p 
is the 0jf,p-module C ® Ox,p- 

Proposition 6.12. (1) Suppose that v p is surjective at every point p of X° . Then 
1Z is irreducible. 

(2) Suppose that v p is surjective at every point p of X° . Then lZ sm is dense in 
1Z. Moreover, if P = (p, [/]) is a general point oflZ, then the singularity of fl™ at 
p is of type (A) and of type (C). 

(3) Suppose that v\f^ is surjective at every point p of X° . If P — (p, [/]) is a 
general point oflZ, then the singularity of at p is of type (R). 

Proof. Considering the first projection 1Z — > X°, we deduce the statements of 
Proposition from Remark 13.101 and Theorem 16.41 (1). □ 

Combining Proposition 16.121 with the results proved so far, we obtain the facts 
(l)-(IV) stated in Introduction. 
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7. Divisibility of a Chern number 

We assume that X is smooth and L is very ample, and put \M\ = \L\. Then we 
have X° = X = X and C = C°. We further assume that K S1J1 is dense in 11. Under 
these assumptions, we calculate 

degU:= / Cl (pr;0 P (l)) m - 2 n[^]. 

J XxP 

We put 

A := Cl (pr* C) and h := Ci(pr* C P (1)). 

Then we have 

a(Z) = h + \. 

For simplicity, we write Ci(X) for pr^ Ci(X). By Proposition l5.2l and Thom-Porteous 
formula [3l Chapter 14], we have 

[C] = ^(a + h) fy~iy Cl (x)(\ + h) n ~^ n [x x p] 

in the Chow group of X x P. By Theorem l2.14[ we have 

[n] = (^(h + x)- Cl (x)) n [Cj. 

We put 



G := (f (ft + A) - Cl {X)) (^(A + ft) J^-iy Cl {X){\ + ft)-j . 
Then we obtain 

degft = / (the coefficient of ft 2 in G) n [X]. 

By Corollary 16. 61 the integer deg7?. is divisible by 4. If the coefficient of ft 2 in G is 
regarded as a polynomial of A, then the constant term is equal to (— l) n (n c n (X)/2+ 
Ci(X)c n -i(X)). Putting C = A® A with A a sufficiently ample line bundle, we 
obtain the following: 

Corollary 7.1. Let X be a smooth projective variety in characteristic 2 of dimen- 
sion n being even. Then the integer 



(^c n (x) + c 1 (x)c n ^i(x))n[x\ 



is divisible by 4. 



In fact, this divisibility relation follows from the Hirzebruch-Riemann-Roch the- 
orem by the argument of Libgober and Wood. See [HI Remark 2.4]. 
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